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Introduction 

The Debye's theory for the dielectric con-
stant of polar fluids seems to be inadequate 
to explain quantitatively most of the experi-
mental results for the polar liquids. 

The origin of the failure of the theory 
has been discussed by many authors1). It is 
concluded that the inadequacy of the assump-
tion concerning the local field adopted by 
Debye2) plays the most important role. 

Assuming an simplified model for the polar 
liquid, Onsager has obtained a quite different 
expreession for the local field and succeeded 
in deriving a formula for the dielectric con-
stant of polar liquid1). In spite of the rather 
over-simplified model, the Onsager's formula 
seemed to be able to eliminate the difficulties 
appearing in Debye's theory1). Although the 
Onsager's theory succeeded in explaining 
the experimental results (at least semiquanti-
tatively), the problem of the local field in 
polar liquid seems not to have been solved 
completely.

In the present work, we have obtained an 

expreession for the local field, from the point 

of view of the classical electrodynamics in 

the continuous medium. Using this expers-

sion for the local field we have obtained also 

an expression for the dielectric constant. 

[section 2-A] 
The result is as follows : a Wyman type 

relation between dielectric constant ƒÃ and 

absolute temperature T exists, i.e. ƒÃ•`1/T. 

If we take into account the fluctuation of 

the internal field, a slightly different expres-

sion is obtained. [section 2-B] 

The Internal Field and the 

Dielectric Constant 

We assume that polar fluid is continuous 

and that its dipolar density p is expressed 

as follows :

(1)

where v is the volume element in the polar 

liquid and ƒÊ is the dipole moment of this 

volume element. If we assume that the shape 

of the molecule of which the dipolar sub-

stance consists is the sphere of the radius

α,we may chooeee 4/3πα3 volume elemt v,

and μ may be considered as the dipole mo-

1) L. Onsager, J. Am. Chem. Soc. , 58, 1486 (1936). 
J.H. Van Vleck, Ann. N.Y. Acad. Sci., 40, 289 (1940). 
S. Oka, "Theory of Dielectrics ", Iwanami-shoten, (in 
Japanese) (1954). 

2) The local field adopted by Debye is sometimes 
called Lorentz field. However, Lorentz applied this field 
only to the case of induced polarization. As shown 
below, the Lorentz field is correct when applied within 
this limitation.
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ment of the molecule i. e.

(2)

[A] The case when we do not take into 
account the fluctuation of the internal field. 

The electric field, the external field, the 
internal field and the self-field of the volume 

element v are denoted by E, E0, F, Es, re-

spectively. The expression of the Es is de-
termined when we know the type of the 
self-field (i. e. dipolar, quadrupolar, etc.). 

On the other hand the expression of the 
internal field, which is the vector sum of the 
external force and the forces of all other 
volume elements in the dielectric medium, 
may have a complicated form. 

However, in the continuous medium, the 
expression of the internal field may be ob-
tained as follows. 

In the continuous medium the electric field 

E is resolved into the internal field and the 
self-field, i. e.3,4)

(3)

If the self-field Es is assumed to be dipolar 

and if the Eq. (2) is valid, Es is represented 
as4) :

(4)

The dipole moment of a molecule consists 

of two parts i. e. the permanent dipole mo-

ment ƒÊ0 and the induced dipole moment ƒ¿F,

(5)
where ƒ¿ is the polarizability of the molecule. 

The case when the molecule has not a 

permanent moment (non-polar molecule), the 

following equation holds

(6)
where n is the refractive index. 

In this case

(7)

From the Eqs. (3), (4) (6) and (7) F is repre-
sented as:

(8)

This is the Lorentz-Lorenz internal field. 

On the other hand from the Eqs. (7), (1) 

and (2) (taking ƒÊ0=O)

(9)

From the Eqs. (5) and (9)

(10)

Eq. (10) is the well-known Lorentz-Lorenz: 
formula. 

For the case of the polar liquid, the in-

ternal field F is expressed as: (Eqs. (3), (4) 
and (5) being used)

(11)

Putting (10) into (11), we obtain,

(12)

Using this equation and the Eq. (5) we have,.

(13)

The component of μalong the direction of

Eis denoted by μE, and the mean value of

μE is denoted by ＜ μE＞.

Assuming Boltzman statistics, we have the 

following equation,

(14)

where U is the potential energy of the dipole.

μ in the electric field and dΩ is an elementary

solid angle. U has the following expression.

(15)

Let the angle between E and ƒÊ0 be ƒÆ,

(16)

Inserting (15) and (16) in (14) and making, 

a simple calculation we have the following, 

expression for •ƒƒÊE •„,

(17)

In this calculation e U/kT is expanded in the 

power series of E, and only the terms pro-

portional to E are retained. 

The dielectric constant is related to •ƒƒÊE •„ 

by the following equation.

(18)

where N is Avogadro's number and V is,

3) J.H. Van. Vieck, "Theory of Electric and Magnetic 
Susceptibilities ". 

4) H. Frohlich, "Theory of Dielectrics ". Oxford 
(1949).
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molecular volume. In our model of the Bi-

polar molecule,

(19)

Using the Eqs. (18), (17), (19) and (10), we 
have

(20)

J. Wyman proposed the following simple 
experimental formula for the dielectric con-
stant of polar liquids5),

(21)
where

(22)

Kw represents a constant and amounts to 
about 8.5 for most of normal polar liquids. 

In the case when e is much greater than 
n2, the form of the Eq. (20) is similar to that 
of the Eq. (21), i. e.

(23)

Moreover if n=1.5 the factor of p (i. e 3

(n2+2/3)3)amounts to about 8.5. Since the
refractive index of most of the liquid is about 
1.5 the validity of the Wyman's relation is 
explained by our theory. 

[B] The case when the fluctuation is taken 
into account. 

In the above-mentioned treatment, we have 
assumed that the local field is expressed by 
means of the self-field and the electric field. 
However, actually the form of the local field 
may be very complicated, since it is the sum 
of the external field and the fields of all 
other molecules. It is beyond our ability to 
treat this problem rigorously. 

We attempt to solve this problem making 
an assumption for the form of the fluctuat-

ing local field Ff, when it is slightly different 

from its mean value Fm. 
Consider at first the static equilibrium. In 

this case, Fm=F. Next we imagine that the 
molecule considered changes its orientation 
by some action. In this case we assume that 
the arrangement of the sorrounding molecules 
does not change. That is to say, the mag-
nitude of Ff is equal to that of Fm, but its 
orientation is not the same as in the static 
equilibrium.

In other words, the direction of Ff can take

any direction independent of the direction of

μ0.Moreover we assume that the probability

of orientation is regulated by Boltzmann's

factor.

The expression for Fi and ƒÊ may have the 

following forms :

(24)

(25)

where u2 is the unit vector along the direc-

tion of ƒÊ0, and u1 represents the unit vector 

along the direction of the fluctuating local 

field. In this case, the electric field (denoted 

by Ef) also fluctuates about the direction of 

E.

(26)

In the case of absence of the fluctuation 

u1=u2, then Ef coincides with E.

The potential energy of a molecule assumes

the following form:

(27)

In this case •ƒƒÊE•„ is expresses as:

(28)

where u0 denotes the unit vector along E.

dΩ1 and dΩ2 represent the elementary solid

angles the around directions of u1 and u2 re
spectively.
Acalculation transforms the Eq.(28)to
the following expression:

(29)

(30)

where L(y) denotes Langevin function. As 

in the previous case, e U/kT is expanded in 

the power series of E and only the terms 

proportional to E are retained. 

Inserting this expression for •ƒƒÊE•„ to the: 

Eq. (18) we have this expression for ƒÃ,5) J. woman, J. Am. Chem. Soc., 58, 1482 (1936).
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(31)

For the large value of y, L(y) is approxi-
mately equal to 1. Then the Eq. (31) coin-
cides with the Eq. (20). 

For the value of y greater than 3, L(y)= 
1-1/y. In this case the Eq. (31) is approxim-
ated as follows :

(32)

For most of polar liquids, the approximate

n=1.34, and 11 when n=1.62. 
For example, we calculate the dielectric con-

stant of some of the polar liquids referred 
to in Wyman's paper5), by means of our 
formula (32). 

In Table I, the dielectric constants of 
esters, chlorides and nitro-compounds cal-
culated with the Eq. (32) are given, and com-
pared with those calculated with the Wyman's 
formula (21). The observed values are also 

given. The values of p are taken from the 
Wyman's paper). 

The values of refractive indices for sodium 
D line n are taken from " International Cri-
tical Tables" and are also given in Table I.

TABLE I 

THE DIELECTRIC CONSTANTS OF ESTERS, CHLORIDES AND NITROCOMPOUNDS

* ε(Y-K)is the value calculated with our formula.

ε(W)is the value calculated With the formula of Wyman.

ε(obs.)is the observed value.

Eq. (32) is sufficient, because the values of y 
are greater than 3 for them. 

Comparison of Our Formula with 
Experiments 

The coefficient Kw in the Wyman's formula, 
takes the value 8.5 for most of the normal 
polar liquids but fluctuates from 6.2 to 11. 

Kw corresponds to 3(n2+2/3)3 in our formula 
(32). 3( n2+2/3 2 )3 takes the value 6.2 when

As Wyman has stated5), the values of p 
are not satisfactorily reliable. Accordingly, 
we cannot bring up detailed discussion with 
the above-described comparison. We can 
only say that from the experimental point 
of view, our formula (32) has applicability 
comparable to that of Wyman. 

Next we calculate the dielectric constants 
of benzonitrile, nitrobenzene, ethyl bromide, 
ethyl iodide and chlorobenzene. 

For these substances the dielectric con-
stants in the liquid state have been measured 
over a considerably wide range of temper-
aturer6). The values are given in Table II. 
The densities are calculated with the equa-

6) R.J.W. Le Fevre, Trans. Faraday Soc., 34, 1127 
(1938).
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tion referred to in " International Critical 

Tables ". 

The refractive indices are calculated from

the value of molecular refraction7) according 

to the Lorentz-Lorenz formula.

a) Benzonitrile.-The values of ƒÃ are calculated with the Eq. (32). 

TABLE II-1 

THE DIELECTRIC CONSTANTS OF BENSONITRILE

b) Nitrobenzene.-The values of e are calulated with the Eq. (32). 
TABLE II-2 9) 

THE DIELECTRIC CONSTANTS OF NITROBENZENE

c) Ethyl Bromide.-The values of ƒÃ are calculated with the Eq. (32). 

TABLE II-3

d) Ethyl Iodide.-The values of ƒÃ are calculated with the Eq. (32). 

TABLE 11-4

7) "International Critical Tables", Vol. VII, p. 32. 
8) L.G. Groves and S. Sugden, J. Chem. Soc., 1934, 

1094. 
9) The values of n and d are calculated as in the 

previous cases.

10) K.B. McAlpine and C.P. Smyth, J. Chem. Phys., 
3, 55 (1934). 

11) L.G. Groves and S. Sugden, J. Chem. Soc., 158. 

(1937).
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e) Chlorobenzene.-The values of s are 
calculated with the Eq. (29).

TABLE 11-5 

Chlorobenzene

Conclusions and Remarks 

It is suprising that our theory can fairly 
explain the experimental data. For our theory 
is based upon the above-described over-sim-
plified assumption. 

As in the case of the Wyman's equation, 
our theory cannot be applied to the so-called 
abnormal liquids. 

It seems that our Eqs. (31) and (32) be-
come in better agreement with the experi-
mental data near the boiling point than near 
the melting point. 

The degree of coincidence of our theory 
with the experimental data seems to depend 
on the chemical structure of the molecule 
forming the liquid considered. 

As stated by Wyman5), if a linear relation 
between s and P exists, the critical frequency
vc will be represented as

(33)
where r denotes the relaxation time, because 

the value of •ƒƒÊE•„ in the case of an alter-

nating field may be represented as:

(34)
where co denotes the angular frequency. 

Inserting Eq. (34) into Eq. (18), ƒÃ (complex 

quantity) is obtained, and Eq. (33) is readily 

obtained. 
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due to the Ministry of Education for a grant 

in aid of this research. 

Summary 

An equation for the dielectric constant of 

polar fluids is obtained from the point of 

view of the classical theory of electricity in 

the continuous medium. 

The obtained equation has a close rela-

tionship to the empirical equation of Wyman. 

The comparison with the experimental data 

are represented. 
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